Solutions of Homework 6: CS321, Fall 2010

Please show all steps in your work. Please be reminded that you should do your homework
independently.

1. (10 points) Let Sp(x) = coz + dy be the linear polynomial defined on [tg, 1], and
Sa(x) = cox + dg the linear polynomial defined on [tg,t3]. We have

S(/](x) = Co, Sé(x) = (2,
and

Sy (z) =0, Sh(x) = 0.

Assume the cubic spline polynomial defined on [t1, 2] to be Si(z) = ajz® + bia? +
ciz + dy. It follows that
S1(z) = 3a12? + 2012 + ¢4,
and
Si’(:ﬂ) = 6aix + 2b;.

Since S, S" and S” have to be continuous on [tg, 3], we must have

So(t1) = S7(t1),  Si(t2) = S5 (ta).
Hence

6ait; + 2bp = 0, 6aity + 2b; = 0. (1)

These two equations lead to
6(11 (tl - tz) =0.

Since t1 # t, we have a; = 0. From Eq. (1), we have b; = 0.
We can now conclude that Si(x) = ciz + dp, so S is also a linear polynomial on
[t1,ta].

2. (10 points) Find a quadratic spline interpolant for these data
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Solution. Suppose the quadratic spline interpolant has the following form

Qo(x), =€ [-1,0]
Qi(z), z€[0,1/2]
Qz) =4 Q2(z), = €[1/2,1]
Qs(z), z€(1,2]
Qa(z), = €[2,5/2]



Define z; = Q'.(ti)’ the following is the formula for @Q;

7
Zi+1 — %4 2
. — . " (et N -
Qi(z) tes — 1) (z—t)"+zi(z—t) +u
It follows that

Zig1 = —2; + 2
i ' (ti—i—l —t

0<i<n-1).

By setting zp = 0, we can compute recursively,
1-2
271=—-0+4+2 —F— ) =-2,

0— (1)
0—-1

222—(—2)+2(m) = -2,
Z3:—(—2)+2< -0 >:6,
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Z4:—6+2<ﬁ> :—4,
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Hence, the quadratic spline interpolant is

Qo(r) = —(z+1)% +2, x €|
Q1(z) = =2z +1, x €[0,1/2]
Q(z) = ¢ Qa(r) =8(x —1/2)> =2(x —1/2), =z € [1/2,1]
Qs() [
Qa(x) [

X

r)=-5(z—-124+6(zx—-1)+1, z€
12(x —2)2 —4(z —2)+2, x€[2,5/2

x

3. (10 points) Determine if this function is a quadratic spline? Explain why or why

not.
T —oo<zx<l1
Q(z) =< 22 1<x<2
4 2<r< o0

Solution. Q(x) is not a quadratic spline. The domain of definition is (—o0,00)
which is not finite. Furthermore,

lim Q'(z)= lim 1=1,

r—1— r—1—
lim Q'(z) = lim 2z = 2.
z—1+ Q ( ) z—1t

It follows that @Q'(x) is not continuous at x = 1, which violates the definition of a
quadratic spline.



4. (10 points) Determine the parameters a,b,c,d and e so that S is a natural cubic
spline
a+blx—1)+clxz—-1)2+dxz—-1)2> 2€][0,1]
S(x) = 3 2
(x =1 +ex®—1 z € [1,2]

Solution. We first compute the derivatives of the individual functions

Si(x) = b+2c(x—1)+3d(z—1)*
So(z) = 2c+6d(x—1)

S () 3(z — 1) + 2ex

S{(z) = 6(z—1)+2e

We will make use of the continuity condition and the definition of the natural cubic
spline.

From Sy(1) = S1(1), we have a = ¢ — 1.
From Sj(1) = S7(1), we have b = 2e.
From S{f(1) = S{(1), we have 2¢ = 2e, with ¢ = e.

We also have

Sp(0) = 5"(2) =0
2¢ —6d =0, 2e+6 =0,
we have e = =3, ¢c=—-3. Thena=e—1=—-4,b=2e = —6, and d = ¢/3 = —1.
5. (10 points) Determine the coefficients so that the function
2+ 23 0<z<1
S(x) = 2 3
a+bx +cx® +dx 1<z<2
is a cubic spline and has the property S7'(x) = 12.

Solution. The derivatives are

Si(z) = 2z + 322
Sy(x) = 246z

St(z) = b+ 2cx+ 3da?
S!(z) = 2c+ 6dx

U(x) = 6d

Given the condition S7’(z) = 12, we have d = 2.

By continuity, we have S)(1) = S7(1), which yields 5 = b + 2¢ + 3d.
From S{(1) = S7(1), we have 8 = 2¢ + 6d.

We can solve the above two equations and get ¢ = —2 and b = 3.

From Sp(1) = S1(1), we have 2 = a + b+ ¢+ d, which gives us a = —1.



